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Lecture 31 : Convolution

Last time ... Fourier Transform

↑ (k)=Of(x) eiRfx
ForierTrastor e

f(x)= (R)ei** (k
Inverse Former-
Transfor

· Parseval : F : LP(K) - ((R) is unitary
,
so

St
, g) = <Ff , Eg) : <Eig).

· Diagonalizes derivatives :

=R



We now
introduce an important idea.

-DefiConvolution .
The convolution fag :R-Dic defined by

(f xy(x) = fo+(xy)g(y)by [(f)(y) = f(y -x),

- then flip

= (g*f)(x)
f)- (y - x)) = f(x- y)

= fog(x-y)f(y) by
- X

E compute the convolation of
f(x) = !x + [0 , 1]
-otherwise

z

g(x) = Ge
2x
X70

-

"Flip ,
translate bycomp

3 regions : 1
· Ef X (8

g(xy)
°

F(y)
(g+f)(x) = fof(y)g(x-y)by

-x

= O
,
no everlap .

· If 0x11 , /-
(g++)(x) =Jf(y)g(x-y) by 8X

= f
"

1 . e-2(x-y)by
O

: Ell-e24) .



· If X =I E
(g*f)(x) = (%f(y(g(x -y)by

z ↓

= S'e2(x - y) by
= e2x(z(1 -e -)

So :

gafx-
8

Poperties
y
= gx)

6) fx(gxh) = (fxy)xh
-(tff)(x) = f(x-b)

c) [(fxg) = (tef)+ y = + * (Tog)

Pfofc
To(fxg)(x) = (fxg)(x - 0)

= jof(x -A -y)g(y) by
= ( f(x - (y +0)) g(y) by

↓

Y = f(x) gl- i
I (f * Tjg)(x) .

The other one follows by f*g = g +f.



Turns out
, many physical systems

-

kircuts
, spring-mass-tamper systems) can be modeled

as "Linear time inveiet systems"

~(t)MInput

y(t) = (h xx)(t) .

&position (Fourier Transform turns convolution into multiplication)
Let f , g :

R+4 .
Then

-

fxg =* in
similarly

For
form

Fourier
trans

inverse ~ -

F+9

#

fig(k)= xg(x)e
~ f9

:yglyty)Et
=yeglyleya
= F(k)( gly) eviky by
= F(k)g(k)



So
,
linear time invariant systems are often

easier to understat in Farrier Domin

Technically ,
a
distribution

,

whatever

Ret : Dirac Delta "Function" that means

Let xeR .

We define the object 8 by this property :
for all smooth f : R-C ,

55 fly) by = f(x)
- X

Sphysically ,

S
, represent points with wit "size" :

goty = 1
-x

·or
,

"

unit impulse
"

·
*

They are not functions ,
but we can think of the

as certain limits of functions :

It

- r-L-
G

Gaussim

· This is how we can model point changes (like electrons),
11

point masses (like distant stars) , or impulses
"

clike hitting a system with prescribed force for short time



These are quite natural for several reasons
.

PPf:R, HER .

The
Hey ,

it's the

(S , *
f)(x) = f(x -h) &

translation operator'

: In = Sp* 1)

G*f(x) = So Sy(y)f(x -y)dy
- X

= f(x -h)
#

Notice that if his ,
S * f = f .


